This paper solves the stabilization problem for positive linear discrete-time systems subject to time-delays, under state and control constraints. The synthesis of state-feedback stabilizing controllers is solved in terms of Linear Programming. The proposed approach deals with the stabilization with bounded controls and states, in the presence of possibly unknown delays. Also, the robust control design is considered, and it is illustrated with an example from pharmacokinetics.
I. INTRODUCTION
Usually, real world applications involve constrained signals, such as limitations on the sign and amplitude of the states and controls. Designing control systems that maintain stability and performance in the presence of these constraints is a topic of continuing interest for which several approaches have been proposed in the literature. Without being exhaustive, we can refer to positive invariance [7] , [9] , l 1 norm [13] , predictive control [29] , and the polynomial approach [18] . When trying to apply these existing approaches to practical problems, major difficulties are benzaouia@ucam.ac.ma 1 encountered if there are time-delays in the system, or if the system is not perfectly known [24] .
Thus, new techniques are needed [12] , [31] . This paper proposes an approach that facilitates these complications for the set of systems for which the states are always nonnegative (which is the case in many practical applications). For this kind of systems subject to delays, we provide easily computable stabilization conditions, possibly involving constraints on the states and the control. These conditions are necessary and sufficient if there are no constraints on the system. The approach in this paper is based on positive systems theory. Note that positive systems are those for which the states are nonnegative. This positivity constraint is of great importance in practice [16] , [21] , [14] , [22] , since many real systems have always nonnegative states. For positive systems, the effect of delays on the stability has been studied in the literature [30] , [17] , showing the remarkable fact that constant delays do not affect the stability [25] , [23] . The objective of this paper is to study the stabilization of uncertain positive systems under bounded control. The proposed approach follows some recent results in the literature [5] , [20] , [28] that provide conditions in terms of Linear Programming (LP), instead of using a parallel Linear Matrix Inequalities approach (see [15] and references therein), that may not handle large size problems. In [3] , it was shown that stabilizing controllers for positive systems without delays can be characterized in terms of necessary and sufficient conditions, expressed as LP problems. The stabilization problem without delays was further studied in [5] , by characterizing the stabilizing controllers with constraints on the control signals. Also, the LP approach has been used in [4] for the estimation problem, which was extended to multiple constant delays in [2] . Results concerning discrete-time systems can be found in [20] . Recently, stability results have been extended to time-varying delays for the discrete-time case [28] and continuous-time case [26] , [1] .
The main contribution of this paper concerns the stabilization of linear discrete-time positive systems subject to time-delays, when the control design might include limitations on states and control signals, and possibly in the presence of uncertainty. For our purpose, easily checkable conditions are derived, in terms of LP problems. Note that the proposed results improve those in [27] , where the delayed positive system is treated as the classical augmented system without time-delays. Unfortunately, this leads to the solution of a huge LP problem when faced with large time-delays. Also, notice that the augmentation approach can not be used when the value of the delay is unknown.
The remainder of the paper is structured as follows. Section II gives some preliminary results and investigates the stability of positive systems with delays. The state-feedback stabilization problem with bounded controls is considered in Section III. Section IV solves the robustness problem and provides an illustrative example. Finally, Section V gives some concluding remarks. 
Notation

II. PRELIMINARIES
This section presents some definitions and preliminary results which will be used throughout the paper.
The following systems with delay will be considered:
with r ∈ N, constant (and maybe unknown), and the matrices A,
The notion of positivity of the delayed systems (1) is defined as follows. 
In the following we recall necessary and sufficient conditions for the asymptotic stability of the delayed system (1). 
Remark 2.4:
The previous result can be easily extended to multiple time-delays (see [2] or the dual result presented in [17] and [19] ). For the system with multiple delays
A i x k−r i , the necessary and sufficient condition for stability that extends condition (3) is
Thus, the rest of the results in this paper can be extended to multiple delays by simply replacing A 1 with
The following key role lemma will be used for the main result in this paper.
Lemma 2.5:
Consider the trajectory x k of the autonomous delay system (1); then, for a given
. . , 0}, if and only if
Proof:
Since matrices A and A 1 are nonnegative, we obviously have x k ≥ 0 for every integer k > 0. The solution of the delay system (1) is
Develop the second term in (5) as follows:
Using the fact that 0 ≤ x 0 ≤x and A k ≥ 0, ∀k, we obtain
Moreover,
, ∀k.
Thus, we deduce that
Furthermore, taking into account (4), and the fact that A
is nonnegative for j ∈ {0, . . . , k − 1}, we have that
For 1 ≤ k ≤ r+1 and 0 ≤ j ≤ r we have that −r ≤ j−r ≤ 0 and, besides, as x j−r ≤x, the term
Similarly, we have 0 ≤ x k ≤x in the intervals {r + 2, . . . , 2r + 2}, {2r + 3, . . . , 3r + 3} , . . . ,
etc.
Necessity: Assume that the delay system (1) is positive and that condition (4) is not satisfied, that is, there exists a subscript i such that
Consider the initial condition
, which completes the proof.
III. POSITIVE STABILIZATION WITH BOUNDED CONTROLS
This section provides the main results for solving the problem of stabilization with bounded control signals and states.
Consider the following constrained system:
where r ∈ N might be unknown.
In the sequel, we shall investigate the existence of stabilizing controls that are constrained to respect given nonsymmetrical bounds. As the considered control laws are memoryless, to ensure positivity of the closed-loop system we must assume that A 1 is a nonnegative matrix (this restriction can be removed by using controllers with memory [10] ). Thus, we address the following problem:
. . , 0} } for which we can determine a bounded state feedback control law −u ≤ u k = Kx k ≤ū, such that the resulting closed-loop system is positive, asymptotically stable and the state is bounded as 0 ≤ x k ≤x.
Theorem 3.1: Consider the following LP problem in the variablesx
where b i are the columns of B.
and consider system (11) under the state-feedback control u k = Kx k . Then −u ≤ u k ≤ū for any initial condition satisfying 0 ≤ φ k ≤x for k ∈ {−r, . . . , 0}. Moreover, the closed-loop system is positive and asymptotically stable and 0 ≤ x k ≤x.
T and y 1 , . . . , y n , z 1 , . . . , z n that solve (12) and
Sincex > 0 and A 1 is positive, then by using Theorem 2.3, we can conclude that A + A 1 + BK is a nonnegative and Schur matrix. Furthermore, by Lemma 2.5 the trajectory of the closed-loop system is such that 0 ≤ x k ≤x for any initial condition satisfying 0 ≤ φ k ≤x for k ∈ {−r, . . . , 0}. Using this fact and recalling the inequalities
it is easy to see that the state-feedback control u k = Kx k fulfills −u ≤ u k ≤ū, for any initial condition satisfying 0 ≤ φ k ≤x for k ∈ {−r, . . . , 0}. 
Also, the feedback gain matrix K is given by
Next, we treat the case of stabilizing controls that are nonnegative, which is equivalent to impose a zero lower bound on the desired control signal. With regards to Remark 3.3, we also notice that for this case that involves only nonnegative controls without any additional constraints, the provided condition for stability and positivity is necessary and sufficient.
Theorem 3.4:
The following statements are equivalent:
is positive and asymptotically stable.
• (ii) There exists a matrix K ∈ R p×n such that K ≥ 0 and A + BK is both a nonnegative and Schur matrix.
• (iii) The following LP problem in the variables d = [d(1) . . . d(n)]
T ∈ R n and y 1 , . . . , y n ∈ R m , is feasible:
where b i are the columns of B. Also, the stabilizing gain matrix in (i) and (ii) can be evaluated
y n ], where y 1 , . . . , y n and d are given by any feasible solution of the LP problem (15) .
Proof: It suffices to use the fact that u k ≥ 0 is equivalent to K ≥ 0. The rest of the proof follows a similar line of argument as the one of Theorem 3.1.
Remark 3.5:
We must point out that for our results no assumption is made on the sign of the components of the state matrices A or B, so they can be applied to the case when the open-loop system is not positive. That is, the positivity of the closed-loop system is forced. Thus, our results can be applied to the controlled positivity problem [3] , [32] , [8] .
Remark 3.6:
The stabilization results in Remark 3.3 and Theorem 3.4, with or without positivity on the control, can be easily extended to bounded time-varying delays, by following a recent result [28] .
IV. POSITIVE STABILIZATION OF UNCERTAIN SYSTEMS, WITH BOUNDED CONTROLS AND
STATES
Consider the following set of uncertain systems
for which the matrices A ∈ R n×n , A 1 ∈ R n×n + and B ∈ R n×p are uncertain and belong to the following convex set
that is generated by known vertices [A
The proposed robust synthesis problem consists of finding a state-feedback law u k = Kx k with a constant gain K, such that the closed-loop system is positive and asymptotically stable for
The extension of Theorem 3.1 to this case where the system matrices are subject to uncertainty can be easily obtained by a convexity argument, and is stated as follows. 
where b
are the columns of B (p) . Moreover, the gain matrix of the robust controller can be
, where y 1 , . . . , y n , z 1 , . . . , z n andx correspond to any feasible solution to the LP problem (18) .
An interesting case is obtained when the system matrices are subject to interval uncertainties.
Thus, assume that the elements of matrices A, A 1 and B are unknown and bounded as follows: 
y n ], where y 1 , . . . , y n andx correspond to any feasible solution to the LP problem (20) .
Proof: First, we show that K ≥ 0 and A + BK ≥ 0, so that by taking into account the nonnegativity of A 1 (A 1 ≥ 0) we have that the closed-loop system is positive, and the control signal is nonnegative. Now, note that ifx > 0 and
y n ] is nonnegative. Also, note that the condition A 
Thus, since we have seen previously that (A 
so the same line of argument used in the proof of Theorem 4.2 leads to A + A 1 + BK is Schur and nonnegative.
Remark 4.4:
An intrinsic property of positive systems is that the trajectory of a positive system is always bounded by the trajectories generated by the vertices of the interval matrices that bound it. This fact is illustrated in the example at the end of the paper.
Example
Consider the following delayed system from pharmacokinetics [33] :
described by the following matrices: The objective is to design a state-feedback controller that stabilizes this uncertain system, under the above interval uncertainties, while keeping the states nonnegative, under a nonnegative control signal with magnitude smaller than 0.1. Note that it is not directly possible to use the results in [27] , as the value of the delay is not known and the system is uncertain. Even if the delay were known, that approach leads to a large number of variables for large delays. Thus, to avoid this numerical complication, we will use the methodology proposed in this paper to design a stabilizing controller. Also, other approaches not based on positive systems theory [7] , [13] , [29] , [18] may lead to higher complexity, and cannot be used for delayed systems in the presence of uncertainty.
Based on the proposed Theorem 4.2 and taking into account Remark 2.4, the following LP problem provides a condition for robust controlled positivity of the system, with guaranteed bounds on the control signal:
The gain of a robust controller is computed from a feasible solution to the linear inequalities (24), as follows: 
